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Vol. 103, No. 2, 1982 DUALITY AND COHOMOLOGY FOR ONE RELATOR GROUPS ROGER FENN AND DENIS SJERVE 1* Introduction* Let G be a group having a one relator presentation and some fundamental integral class [G] e H 2 
(G). The object of this paper is to study the cap product homomorphism [G] Π : H\G) A) -> H 2 _i(G; A)
where A is a left G module and A is the right G module identified with A as an abelian group and whose scalar multiplication is given by ag = g~ιa for aeA,geG.
If this homomorphism is an isomorphism we say that G satisfies Poincare duality with respect to A.
For example consider the fundamental group G of an orientable surface M. In this case the homomorphism [G] Π is an isomorphism for all G modules A. Such a group is said to satisfy Poincare duality. Recently Miiller [11, 12] has shown that a one relator group satisfying Poincare duality over A for all G modules A is isomorphic to the fundamental group of some orientable surface; thus answering a question of Johnson and Wall in [9] . Actually Mϋller's result is stronger than this since it applies to a larger class of groups than one relator groups. However, we will restrict our attention to one relator groups and study duality for fixed coefficients A.
In § 2 various preliminary work relating Fox derivatives and Magnus expansions is given and in § 3 there are some results for Z coefficients. In particular Theorem 3.4 proves that any group satisfying Poincare duality over the integers has a presentation of the form {x l9 , , i r ), where 1 ^ i k <^ n, we let 3, denote the higher order derivative d h 3 V If r = 0 put 3 7 = id and set 6j equal to the composite ed z for any J.
If multiplication of sequences is by juxtaposition then induction on the length of a sequence will prove: Now let α be the free associative power series ring on the noncommuting variables a i9 , a n and with coefficients in Z. For any sequence / = (i lf , i r ) let α 7 denote the monomial a h α <r , where α^ = 1 by convention. The Magnus expansion is defined to be the homomorphism M: F -> α, x t -> 1 + α*. Induction on word length easily proves: LEMMA 
For any K and feF we have ε κ (f) = M κ (f).
The following describes chain rules for Fox derivatives. Thus
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suppose F is free on x lf ••-,$» and G is free on y lf --,y p . Thus the 2g by 2g matrix composed of the second order partials ε kl (W) is the skew symmetric matrix
It is not a coincidence that this matrix is also the cup product matrix for the orientable surface of genus g. ->G->1 is the exact sequence of this presentation then the Hopf formula gives H 2 
The other homology groups can be described as follows: .HI(JBL) is free abelian on the cosets x lt --,x n moά [F 9 F] 9 
H\K)
is free abelian on the dual classes xf, ••-,#? and
Define the cup product matrix A = (α^ ) over the integers by the formula See for example [15] . 
Thus there exists a correspondence between presentations of perfect groups on an even number of generators with defect zero and group presentations satisfying Poincare duality over Z. For example the binary icosahedral group J* has the defect zero presentation {x lf x 2 \U = V = 1} where U -x x x 2 x x x 2^ and V = x Therefore the group presentation JL3L -^ \*vi> «^2 I «^l»^2 ^l«^2 *^1 X 2 X\X^Xi X2 X X ^ ^ ^ ô f the group G satisfies Poincare duality with Z coefficients. Notice that K cannot possibly satisfy duality for twisted coefficients since this would force G to be isomorphic to Z φ Z and there is a homomorphism of G onto the binary icosahedral group. 4* Poincare duality with twisted coefficients* As in the previous section K = {x lf , x n \ V = 1} will denote a presentation of the group G such that V e [F, F] is not a proper power.
The presenting homomorphism φ: F-+G induces a ring homomorphism φ: ZF -» ZG also denoted by φ.
In this section we will obtain necessary and sufficient conditions for G to satisfy Poincare duality with respect to a fixed G module A. To do this we need the duality map on the chain level. 
On the other hand 
